Cell adhesion and the adhesion of vesicles to the membranes of cells or organelles are pivotal for immune responses, tissue formation, and cell signaling. The adhesion processes depend sensitively on the binding constant of the membrane-anchored receptor and ligand proteins that mediate adhesion, but this constant is difficult to measure in experiments. We have investigated the binding of membrane-anchored receptor and ligand proteins with molecular dynamics simulations. We find that the binding constant of the anchored proteins strongly decreases with the membrane roughness caused by thermally excited membrane shape fluctuations on nanoscales. We present a theory that explains the roughness dependence of the binding constant for the anchored proteins from membrane confinement and that relates this constant to the binding constant of soluble proteins without membrane anchors. Because the binding constant of soluble proteins is readily accessible in experiments, our results provide a useful route to compute the binding constant of membrane-anchored receptor and ligand proteins. A central problem in cell adhesion is to quantify the binding affinity of the membrane-anchored receptor and ligand proteins that cause adhesion (1-4). The distinction of "self" and "foreign" in cell-mediated immune responses, for example, depends on subtle affinity differences between receptor and ligand proteins anchored on the surfaces of apposing cells (5). The binding affinity of anchored receptor and ligand proteins, which are restricted to the two-dimensional (2D) membrane environment, is typically described by the binding equilibrium constant K 2D of the proteins. Because K 2D is difficult to measure in experiments, it is often estimated from the binding constant K 3D of soluble variants of the receptors and ligands that lack the membrane anchors and are free to diffuse in three dimensions (3D). Standard approaches are based on the relation K 2D = K 3D =l c suggested by Bell et al. (6), where l c is a characteristic length that reflects the different units of area and volume for K 2D and K 3D , respectively. However, different methods to measure the binding equilibrium constant of membraneanchored proteins have led to values of K 2D and associated values of l c that differ by several orders of magnitude (7). In contrast to the standard approaches, the simulation data and theory presented here indicate that the relation between K 2D and K 3D involves three different length scales, and that the most important of these length scales is the membrane roughness resulting from shape fluctuations on nanoscales. Because the membrane roughness depends on the concentration of the receptor-ligand bonds that constrain the shape fluctuations, our results help to understand differences in K 2D values from different experiments.
Cell adhesion and the adhesion of vesicles to the membranes of cells or organelles are pivotal for immune responses, tissue formation, and cell signaling. The adhesion processes depend sensitively on the binding constant of the membrane-anchored receptor and ligand proteins that mediate adhesion, but this constant is difficult to measure in experiments. We have investigated the binding of membrane-anchored receptor and ligand proteins with molecular dynamics simulations. We find that the binding constant of the anchored proteins strongly decreases with the membrane roughness caused by thermally excited membrane shape fluctuations on nanoscales. We present a theory that explains the roughness dependence of the binding constant for the anchored proteins from membrane confinement and that relates this constant to the binding constant of soluble proteins without membrane anchors. Because the binding constant of soluble proteins is readily accessible in experiments, our results provide a useful route to compute the binding constant of membrane-anchored receptor and ligand proteins. A central problem in cell adhesion is to quantify the binding affinity of the membrane-anchored receptor and ligand proteins that cause adhesion (1-4). The distinction of "self" and "foreign" in cell-mediated immune responses, for example, depends on subtle affinity differences between receptor and ligand proteins anchored on the surfaces of apposing cells (5) . The binding affinity of anchored receptor and ligand proteins, which are restricted to the two-dimensional (2D) membrane environment, is typically described by the binding equilibrium constant K 2D of the proteins. Because K 2D is difficult to measure in experiments, it is often estimated from the binding constant K 3D of soluble variants of the receptors and ligands that lack the membrane anchors and are free to diffuse in three dimensions (3D). Standard approaches are based on the relation K 2D = K 3D =l c suggested by Bell et al. (6) , where l c is a characteristic length that reflects the different units of area and volume for K 2D and K 3D , respectively. However, different methods to measure the binding equilibrium constant of membraneanchored proteins have led to values of K 2D and associated values of l c that differ by several orders of magnitude (7) . In contrast to the standard approaches, the simulation data and theory presented here indicate that the relation between K 2D and K 3D involves three different length scales, and that the most important of these length scales is the membrane roughness resulting from shape fluctuations on nanoscales. Because the membrane roughness depends on the concentration of the receptor-ligand bonds that constrain the shape fluctuations, our results help to understand differences in K 2D values from different experiments.
In this article, we report simulations of biomembrane adhesion with a molecular model of lipids and proteins (Fig. 1A) . We systematically vary the size of the membranes and the numbers of receptors and ligands and determine the binding constant K 2D and the on-and off-rate constants k on and k off of the membraneanchored receptors and ligands for these different systems with high precision from thousands of binding and unbinding events observed in our molecular dynamics simulations. Our largest apposing membranes are composed of 9,838 lipid molecules each and include 15 membrane-anchored receptors and ligands, respectively (Fig. 1C) , whereas the smallest membranes contain 296 lipids and single receptor and ligand molecules. In addition, we determine the binding constant K 3D and the on-and off-rate constants of soluble variants of our receptors and ligands without membrane anchors.
We find that K 2D is not a constant, but depends strongly on the relative roughness ξ ⊥ of the apposing membranes. The relative membrane roughness is the local standard deviation (SD) of the membranes from their average separation due to thermally excited shape fluctuations. The relative roughness varies with the concentration of the bound receptor-ligand complexes because the complexes constrain membrane shape fluctuations. At the optimal average membrane separation for receptor-ligand binding, the binding constant K 2D is inversely proportional to the membrane roughness for roughnesses larger than about 0.5 nm and, thus, even for roughnesses that are significantly smaller than the membrane thickness.
To understand the roughness dependence of K 2D and the relation of K 2D to the binding equilibrium constant K 3D of soluble receptors and ligands without membrane anchors, we have developed a general theory in which the binding free energy of the receptor-ligand complexes is decomposed into enthalpic and entropic terms. We find that the roughness dependence of K 2D can be fully understood from the entropy loss of the membranes upon receptor-ligand binding. The theory is in good quantitative agreement with our simulation results and provides a unique route to calculate K 2D from experimental values for K 3D . In addition to the membrane roughness, our theory includes two characteristic lengths of the receptor-ligand complexes, which reflect variations in the overall extension and in the binding site of the complexes.
Results
Binding Constant K 2D of Membrane-Anchored Receptors and Ligands.
In our molecular dynamics simulations of biomembrane adhesion, the membranes are confined within a rectangular simulation box with periodic boundary conditions of size L x × L y × L z . Whereas the box extension L z in the direction perpendicular to the membranes has the same value in all simulations, the extensions L x = L y are varied to simulate different membrane sizes ( Fig. 1 B  and C) . Binding events of the receptor and ligand proteins in our simulations can be clearly identified from the distance between the binding sites of the proteins (Fig. 2) . The binding equilibrium The binding equilibrium constant and binding kinetics of membrane-anchored receptors and ligands depend on the distance between the two apposing membranes because receptor-ligand complexes cannot form if the two membranes are too far apart or too close. In Fig. 3 , the binding constant K 2D of a single anchored receptor and a single anchored ligand molecule is shown as a function of the average membrane separation l, which is kept constant in our simulations. In these simulations, the number of lipids is adjusted such that the membrane tension vanishes (8) . For both membrane sizes L x × L y = 14 × 14 nm 2 and 30 × 30 nm 2 , the binding constant K 2D is maximal at an average membrane separation close to the length of the receptor-ligand complexes. In the following, we will focus on the average membrane separation l = l 0 at which K 2D is maximal because maxima in K 2D correspond to minima of the free-energy difference between the bound and unbound state of the membranes (Eq. 5). In a situation in which the membrane separation is not constrained, which is the typical situation in experiments, the membranes thus will "choose" the "optimal" average membrane separation l 0 . Within numerical accuracy, the optimal average membrane separation obtained from our simulations does not depend on the membrane size.
In Fig. 3 , the binding constants for the larger membrane area L x × L y = 30 × 30 nm 2 are significantly smaller than the binding constants for the membrane area L x × L y = 14 × 14 nm 2 . These differences in the binding constants for different membrane sizes can be understood from the shape fluctuations of the membranes. A characteristic measure for the strength of the fluctuations is the relative roughness of the two membranes, which is the SD
of the local separation l i of the membranes from the average separation l = hl i i where 〈. . .〉 denotes the thermodynamic average. To calculate the roughness ξ ⊥ , we divide the x-y plane of our simulation box, which is on average parallel to the membranes, into patches i of size 2 × 2 nm 2 , and determine the local separation l i of two apposing patches from the separation of the membrane midplanes. In . Positive tension stretches the membranes and decreases the roughness, whereas negative tension compresses the membranes and increases the roughness. To extend the roughness range to smaller values, we have also performed simulations in which the membrane fluctuations are confined by membrane potentials (red points; see SI Text for details). In experiments, such a situation occurs for membranes bound to apposing surfaces as, for example, in the surface force apparatus (9, 10) .
The fact that all data points of Fig. 4 collapse onto a single curve indicates that the relative membrane roughness ξ ⊥ determines K 2D irrespective of whether the size of ξ ⊥ is controlled by the membrane area, the concentration of the receptor-ligand complexes, the membrane tension, or confining membrane potentials. For roughnesses larger than about 0.5 nm, this curve can be well fitted by the inverse proportionality relation
between the binding constant K 2D of the anchored receptors and ligands and the relative membrane roughness ξ ⊥ (see dashed line in Fig. 4) . Here, K 3D is the binding constant of our soluble receptors and ligands without membrane anchors, which we have determined from simulations in water (see SI Text for details). The inverse proportionality between K 2D and the relative membrane roughness ξ ⊥ for sufficiently large roughnesses and the deviations from this proportionality for smaller roughness can be understood from a general theory for K 2D and K 3D derived in the next section.
A General Relation Between K 2D and K 3D . We first focus on K 3D and consider a single soluble receptor and a single soluble ligand in a volume V. The two molecules are bound with equilibrium probability P b , and unbound with probability P u . Detailed balance implies P u k + = P b k − , where k + = k on =V and k − = k off are the transition rates between the bound and unbound state of the molecules. Because of K 3D = k on =k off , we have
where ΔG 3D is the binding free energy-that is, the free-energy difference between the bound and unbound state. We now consider the receptor and ligand as rigid rods with translational and rotational degrees of freedom. Following a standard approach in which the binding free energy is expanded around its minimum (11, 12) , we obtain (see SI Text for details)
with the binding enthalpy ΔU and the loss ΔS trans and ΔS rot in translational and rotational entropy upon binding. Here, V b is the translational phase space volume of the bound receptor relative to the ligand in the complex, and ω b is the rotational phase space volume of the bound receptor relative to the ligand. In the (Fig. 1C) , for the six binding reactions n = 2 ⇌ 3 ⇌ 4 ⇌ 5 ⇌ 6 ⇌ 7 ⇌ 8 (from right to left). The dashed and full lines represent two fits to the data using the value K 3D ' 157 nm 3 for the binding constant of soluble receptors and ligands obtained from separate simulations. The dashed line is obtained from a least-square fit of the data points with roughness values larger than 0.5 nm to the functional form K 2D =K 3D = C=ξ ⊥ , which leads to C = 2:7 ± 0:1 as in Eq. 1. The full line is obtained from a least-square fit of all data points to the functional form
1=2 given by Eq. 9. This fit leads to unbound state, the rod-like receptor and ligand rotate freely with rotational phase space volume 4π. Eqs. 2 and 3 lead to the general result
for the binding constant of soluble receptor and ligand molecules. In analogy to the soluble molecules, we now consider a single pair of membrane-anchored receptor and ligand molecules in two apposing membranes of area A. The transition rates between the bound and unbound state of the molecules are k + = k on =A and k − = k off (Model and Methods). The detailed balance condition P u k + = P b k − and the definition K 2D = k on =k off then lead to
with the free-energy difference ΔG 2D between the bound and unbound state. The free-energy difference can be decomposed as (see SI Text for details)
with the translational and rotational entropy loss ΔS trans and ΔS rot of the receptor and ligand, and the entropy loss ΔS mem of the membranes upon bond formation. Here, A b is the translational phase space area of the bound receptor relative to the ligand in the two directions parallel to the membranes, ω R and ω L are the rotational phase space volumes of the unbound membraneanchored receptor and ligand molecules relative to the membranes, and ω RL is the rotational phase space volume of a bound receptor or bound ligand relative to the membranes. The entropy loss ΔS mem of the membranes is obtained from exact results for a local harmonic constraint that restricts membrane shape fluctuations (13). This entropy loss depends on the relative roughness ξ ⊥ of the membranes and on a characteristic length ξ RL that reflects intrinsic variations in the extension of the receptor-ligand complex in the direction perpendicular to the membranes, which result mainly from variations in the binding distance and anchoring angles of the molecules. Eqs. 5 and 6 lead to the general result
for the binding constant of the membrane-anchored receptors and ligands. Finally, from a combination of Eqs. 4, 7, and 8, we obtain the general relation
between the binding equilibrium constant of the membraneanchored molecules and the binding constant of their soluble counterparts without membrane anchors. We have assumed here that the binding interface of the membrane-anchored receptors and ligands is identical with the binding interface of their soluble counterparts (4), which implies that the binding enthalpy ΔU and the rational phase space volume ω b of the bound receptor relative to the ligand are the same for both types of receptors and ligands. According to Eqs. 9 and 10, the ratio K 2D =K 3D of the binding constants depends (i) on the membrane roughness ξ ⊥ , (ii) on two characteristic lengths ξ b and ξ RL of the receptor-ligand complexes, and (iii) on the rotational phase space volumes ω RL , ω R , and ω L of the bound and unbound membrane-anchored receptors and ligands. The characteristic length ξ b of the receptorligand complexes is defined as ξ b = V b =A b and can be calculated from the SD of the distance between the binding sites in the direction parallel to the receptor-ligand complex, as V b is the translational phase space volume of the bound complex and A b the translational phase space area in the two directions perpendicular to the complex, and parallel to the membranes (see SI Text for details). We obtain the value ξ b ' 0:78 nm for our receptorligand complexes. The characteristic length ξ RL can be determined from a comparison with our simulation results for K 2D at the optimal membrane separation, which leads to the estimate ξ RL = 0:2 ± 0:1 nm (see full line in Fig. 4 ). The rotational phase space volumes ω R , ω L , and ω RL can be calculated from the angular distributions of the receptors and ligands relative to the membranes. We obtain the values ω R = ω L ' 0:75 for our unbound receptors and ligands, and ω RL ' 0:33 for bound receptors or bound ligands. From these values and the values for the characteristic lengths ξ b and ξ RL of the receptor-ligand complexes given above, we obtain the estimate ð4πω RL =ω R ω L Þðξ RL =ξ b Þ = 1:9 ± 1:0 for the numerical prefactor in Eqs. 9 and 10, which is consistent with the values obtained from fits to our simulation results for K 2D at the optimal membrane separation (see Eq. 1 and caption of Fig. 4 ).
On-and Off-Rate Constants. Because K 2D can be expressed as the ratio of on-and off-rate constants k on and k off of the membraneanchored receptors and ligands, an interesting question is whether the decrease of K 2D results from a decrease of k on or an increase of k off with the roughness, or both. We find that both k on and k off contribute to the roughness-dependence of K 2D , at least for the range of roughnesses accessible in our simulations (Fig. 5) . For the soluble receptors and ligands without membrane anchors, we obtain the off-rate k off = ð4:0 ± 0:1Þ · 10 5 =s, which is about three to seven times larger than the off-rates obtained for the membrane-anchored receptor-ligand complexes. This finding is in agreement with experimental results for the binding of T-cell receptors to MHC-peptide ligands. The off-rates of soluble variants of these receptors and ligands without membrane anchors have been found to be slightly larger than the off-rates of the membrane-anchored receptors and ligands if the cytoskeleton of the cells is disrupted (14) . In these experiments, the fluctuations of the cell membranes are governed by the membrane elasticity, as in our simulations. In experiments with intact cytoskeleton, the off-rates of membrane-anchored T-cell receptors and MHC-peptide ligands are larger than the off-rates of their soluble counterparts, presumably due to ATP-driven cytoskeletal forces acting on the membranes and receptor-ligand complexes (14-16).
Discussion and Conclusions
We have determined both the apparent binding constant K 2D of membrane-anchored receptors and ligands and the binding constant K 3D of soluble receptors and ligands with coarse-grained molecular dynamics simulations. In addition, we have developed a general theory for these binding constants that is in quantitative agreement with our simulation results. We find that K 2D is not a constant, but depends strongly on the membrane roughness ξ ⊥ from nanoscale shape fluctuations. In our general theory, the roughness dependence of K 2D is traced back to the entropy loss of the membranes upon the formation of a receptor-ligand complex. Our general relations between K 2D , K 3D , and the relative membrane roughness ξ ⊥ hold for any membrane system in which the anchored proteins are rather rigid and do not oligomerize or aggregate. The optimal membrane separation of about 15 nm for our receptor-ligand complexes is close to the length of complexes of, for example, the T-cell receptor or the protein CD2 (1, 17) . The concentrations of our anchored receptors and ligands between 2,000 and 5,000 molecules per μm 2 are somewhat larger than typical concentrations of these proteins (1, 14, 17) . In our simulations, we also used relatively large on-and off-rates to ensure an efficient sampling of binding and unbinding events. Therefore, the kinetics of these events is strongly enhanced compared with protein binding events in experiments. It is important to note, however, that our main results for the ratio K 2D =K 3D of the binding constants are independent of the numerical values of the rate constants. These main results are (i) that K 2D =K 3D is inversely proportional to the membrane roughness ξ ⊥ for roughnesses large compared with the characteristic length ξ RL of the anchored receptor-ligand complexes (Eqs. 1 and 10) and (ii) that the prefactor ð4πω RL =ω R ω L Þðξ RL =ξ b Þ of this inverse proportionality depends only on the molecular geometry of the receptor-ligand complex (Eq. 10). To illustrate that K 2D =K 3D does not depend on the rate constants, we have performed additional simulations in which the binding energy of our receptors and ligands is increased by 25%. This increase in the binding energy increases both K 2D and K 3D by a factor 3.4 due to decreased off-rates, but does not change the ratio K 2D =K 3D (see SI Text for details).
The roughness-dependence of K 2D leads to unusual laws of mass action for the binding of membrane-anchored receptor and ligand molecules. Membrane adhesion zones are typically large compared with the average distance of about 1= ffiffiffiffiffiffiffiffiffi ½RL p between neighboring receptor-ligand bonds. Because the bonds constrain the membrane shape fluctuations, the average bond distance is proportional to the relative roughness ξ ⊥ of the membranes, which leads to the relation (18)
between the roughness ξ ⊥ and the concentration 
Model and Methods
Simulations. Coarse-grained molecular dynamics simulations have been widely used to investigate the self-assembly (8, (20) (21) (22) and fusion (23-26) of membranes as well as the diffusion (27, 28) and aggregation (29) of membrane proteins. We have performed simulations with dissipative particle dynamics (30-32), a coarse-grained molecular dynamics technique that explicitly includes water. Our simulations of biomembrane adhesion include water beads, lipid molecules, and membrane receptors and ligands (Fig. 1) . The lipid molecules consist of three hydrophilic head beads and two hydrophobic chains with four beads each, which are held together by harmonic potentials between adjacent beads and stiffened by bending potentials between three consecutive beads (8, 25, 26, 33) . The membrane-anchored receptor and ligand molecules are composed of 84 beads that are arranged in a cylindrical shape of 12 hydrophobic or hydrophilic layers of seven beads each (Fig. 1A) .
Harmonic potentials between nearest and next-nearest neighbor beads lead to a rather stiff shape of the receptors and ligands. The specific binding of receptors and ligands is modeled via a distance-and angle-dependent attraction between two interaction beads that are located in the center of the top layers of beads (Fig. 1A) . All other pairs of beads of the receptors, ligands, lipids, and water softly repel each other with a strength that depends on the bead types (see SI Text for details). In addition, we simulate the binding of soluble receptors and ligands in water. These soluble receptors and ligands lack the hydrophobic transmembrane anchor, but are otherwise identical with the membrane-anchored receptors and ligands.
Analysis of Binding Kinetics. Binding and unbinding events of receptor and ligand molecules in our simulations can be identified from the distance between the binding sites of these molecules (Fig. 2) . To distinguish binding and unbinding events from distance fluctuations in the bound and unbound state, we use two distance thresholds to define these events. A binding event is defined to occur when the distance r between the binding sites of a receptor and ligand falls below the binding threshold r 1 = 1 nm. An unbinding event is defined to occur when the binding-site distance of a bound receptor-ligand pair exceeds the unbinding threshold r 2 = 4 nm, which is well beyond the range of fluctuations in the bound state. The values for K 2D and K 3D and the relative values of the on-and off-rate constants of the receptors and ligands obtained from our analysis do not depend on the precise values of these thresholds. The binding and unbinding events divide our simulation trajectories into different states with different numbers of bound receptor-ligand complexes. In our simulations with a single receptor and ligand molecule, we have two states: the unbound state of the molecules and the bound state with a single receptor-ligand complex. In our simulations with N R receptors and N L ligands, we have N + 1 states where N = minðN R ,N L Þ is the maximum number of bound complexes. Our simulation trajectories thus can be mapped to a Markov model: [14] for n < N. The rate for a transition from state n to n − 1 is: k ðnÞ − = nk ðnÞ off [15] for n > 0 because there are n bonds that may each break with rate k [16]
The on-and off-rate constants can be determined from the observed numbers of transitions between the states and from the overall dwell times in the states. The binding and unbinding events divide the simulation trajectories into time windows i of length t i in state n i , which are followed by a transition into state n i + s i , where s i is either 1 or −1. The probability for staying for a dwell time t i in state n i is P ni ðt i Þ = exp½−ðk [17] where N + n is the total number of transitions from n to n + 1, N − n the total number of transitions from n to n − 1, and T n the total dwell time in state n.
Maximizing L with respect to the binding and unbinding rate constants k Our estimator for the binding constant defined in Eq. 16 then is:
nAT n ðN R − n + 1ÞðN L − n + 1ÞT n−1 [19] because the transition numbers N + n−1 and N − n are identical in equilibrium. For our simulations with a single receptor and a single ligand, the maximumlikelihood estimators for the on-and off-rate constants thus are k For large numbers N R and N L of receptors and ligands and states with n ' n receptor-ligand bonds where n is the average number of bonds, Eq. 19 is equivalent to K 2D = ½RL=½R½L with ½RL = n=A, ½R = ðN R − nÞ=A, and ½L = ðN L − nÞ=A as we then have T n ' T n−1 and N R − n + 1 ' N R − n.
